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Abstract
The dispersion relation of vertically oscillating fluid surfaces has been a subject extensively
studied in the past, as well as surface instabilities produced by electrohydrodynamic (EHD) waves
in similar configurations. In the present work it is studied the unification of both effects and its
consequences to the instability of the surface. Given the versatility of the electromagnetic fields, a
possible application to the phenomenon of walking droplets is suggested.
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INTRODUCTION
Since the pioneering works by Melcher and Taylor [1–3], electrohydrodynamic (EHD)
surface waves and instabilities have been the subject of many studies. Taylor and McEwan
[3] studied the stability of a perfect conductor liquid layer under a direct current (DC)
electric field. Melcher [1, 2] provided the dispersion relation of EHD waves under DC fields
for several configurations, including two dielectric liquid layers with or without surface charge
density at the interface. The effect of a finite conductivity was studied by Melcher and Smith
[4]. Further extensions, including viscosity, an other physical effects have been studied since
then [5–7]. Non-linear waves were considered by Castellanos and Gonza´lez [8].
The use of AC electric fields of low frequency opens the possibility of electric parametric
instabilities. These were studied by Briskman and Shaidurov [9] and Yih [10]. They obtained
a Mathieu equation, similar to the one appearing in the study of Faraday waves. A similar
behavior may be found in cylindrical geometry in the study of liquid jets under AC electric
fields [11]. A recent work is that of Ward et al [12].
On the other hand, surface instabilities produced in an air-liquid interface (first observed
by Faraday in 1831, and named after him) were first studied theoretically by Benjamin
and Ursell [13], and its resulting dispersion relation is governed by a Mathieu equation,
whose stability analysis (see [14] for a complete mathematical description) yields the relation
between parameters (mainly frequency and amplitude of oscillations) for the surface to
become unstable. Later works which take into account the presence of viscosity [15] arrive
to similar conclusions in a more precise description that move away from Mathieu’s.
In the present work we introduce the unification of the dispersion relation due to vertical
forcing and the one given by the application of a vertical electric field. It will be shown that
the instability can come from any of the two phenomena.
The motivation of this work is to discuss the possible applications this unification might
provide on the phenomenon of walking droplets. Until now, droplet guidance and confine-
ment is carried out by modifying the bottom topology of the fluid container (see for example
[16, 17]). It is here suggested that with the convenient application of an electric field, this
guidance could also be achieved, opening a new way of controlling the droplets. This would
be indeed a great advantage since it would be no longer needed to modify the depth of the
container and with that the configuration of the whole system, making possible the existence
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FIG. 1: Schematic representation of a system section showing the two immiscible fluids and the
interface between them χ(x, y, t).
of more versatile setups.
POSITION OF THE PROBLEM
Let us consider two horizontal liquid layers in a laterally bounded domain and confined
vertically between two horizontal parallel electrodes. The liquids are assumed to be perfect
dielectrics with electric permittivities ε1 and ε2. Subindex 1 corresponds to the upper layer,
and subindex 2 to the lower one. We also suppose that they are ideal liquids, i.e., we neglect
viscosity. Their densities are denoted ρ1 and ρ2. In the unperturbed state, the upper layer
thickness is denoted h1 and the lower one h2. The upper electrode is at a voltage V0 and the
lower one is grounded. The coordinate system is chosen in such a way that the z coordinate
is pointing downwards, and z = 0 corresponds to the unperturbed interface. We suppose
that the interface is perturbed in such a way that it is defined by the function z = χ(x, y, t).
This description is illustrated in Fig. 1.
The system is subjected to vertical oscillations of amplitude  and frequency ω. To
describe the effect of this oscillations we consider Cartesian axes (x, y, z) moving with the
vessel. The motion relative to these axes is the same as the one due to a gravitational
acceleration given by g −  cos(ωt). The following treatment is based on [13].
3
In each region the continuity equation and the equation of motion,
∇ · vi = 0, ρi∂vi
∂t
+∇pi = ρi(g −  cos(ωt))ez, (i = 1, 2) (1)
are satisfied, where vi is the liquid velocity, pi the pressure, and ez is the unitary vector in
z-direction.
Neglecting viscosity allows to write the liquid velocity as the gradient of a potential,
vi = ∇ψi. Equations in (1) are expressed in terms of ψ as
∇2ψi = 0, (2)
ρi
∂∇ψi
∂t
+∇pi = ρi(g −  cos(ωt))ez. (3)
Added to the hydrodynamic side of the problem, in each region the electric potential Φ
is obtained from Laplace’s equation
∇2Φi = 0. (i = 1, 2) (4)
We have to compliment these equations with the corresponding boundary conditions.
The fact that the liquid surface is a material one is expressed by the kinematic condition
−∂χ
∂t
+ vz − vx∂χ
∂x
− vy ∂χ
∂y
= 0. (5)
The balance of normal stresses at the interface is given by
−[p] + n · [TM ] · n− γ∇s · n = 0, (6)
where n is a vector normal to the volume element, TM is Maxwell’s stress tensor, γ is the
surface tension coefficient, and ∇s is the surface gradient operator. The brackets of any
quantity [A] denotes its jump across the interface: [A] ≡ A2 − A1. Maxwell’s stress tensor,
neglecting electrostriction, is given by
TMij = ε
(
EiEj − 1
2
δijE
2
)
. (7)
The mechanical boundary conditions at the electrodes are
vz = 0 at z = −h1, h2. (8)
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The electrical boundary conditions are
[E]× n = 0 at the interface, (9)
[εE] · n = 0 at the interface, (10)
Φ1 = V0 at z = −h1, (11)
Φ2 = 0 at z = h2. (12)
The first of these conditions is equivalent to the continuity of the electric potential through
the interface. The second one represents the absence of free surface charge at the interface.
The balance of stresses at the interface deserves a comment. The normal stress is always
continuous through a liquid interface. However, this is not the case for the tangential stresses.
If viscosity is neglected, requiring the continuity of tangential stresses will overdetermine the
problem. Neglecting viscosity allows a discontinuity of the tangential velocity component
(see [4, 8] for a detailed discussion).
Solution for an unperturbed interface
For a planar interface χ = 0, both liquids are at rest, i.e., v = 0. The pressure in each
fluid layer is
p0i = Π0i + ρi(g −  cos(ωt))z. (i = 1, 2) (13)
The electric pressure entails a pressure difference given by equation (6),
Π02 − Π01 = 1
2
ε2E
2
2 −
1
2
ε1E
2
1 . (14)
In the unperturbed state, the electric potential Φ0(z) is a linear function of z in each
region. Applying boundary conditions Φ0(−h1) = V0 and Φ0(h2) = 0 yields
Φ01(z) = V0
(
1− ε2
ε1h2 + ε2h1
(z + h1)
)
, (15)
Φ02(z) = V0
ε1
ε1h2 + ε2h1
(h2 − z), (16)
so that electric field in each region becomes
E01(z) =
ε2
ε1h2 + ε2h1
V0ez, (17)
E02(z) =
ε1
ε1h2 + ε2h1
V0ez. (18)
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Linear perturbation
Let us assume that the surface is perturbed in such a way that χ(x, y) h1, h2. It is then
possible to expand all functions as a power series, retaining only linear terms. Special care
must be taken to expand the values of any function at the interface. The general procedure
for any quantity A(x, y, z) is [2, 18]
A(x, y, z = χ) = A0(x, y, z = 0) +
∂A0
∂z
∣∣∣∣∣
z=0
χ+ δA(x, y, z = 0) + . . . (19)
To first order, equation (3) becomes
ρi
∂ψi
∂t
+ δpi = 0, (i = 1, 2) (20)
where ψi is the velocity potential, and where the constant of integration is taken to be zero.
Let us consider the three terms of equation (6). The first one is [see equation (19)]
[p] = p02(z = 0) +
∂p02
∂z
χ+ δp2(0)
−p01(z = 0) − ∂p01
∂z
χ− δp1(0)
= Π02 − Π01 + (ρ2 − ρ1)(g −  cos(ωt))χ+ δp2(0)− δp1(0). (21)
For the electric term we have
n · TMi · n = TMizz = 1
2
εiE
2
zi =
1
2
εiE
2
0i − εiE0i
∂δΦi
∂z
∣∣∣∣∣
z=0
χ, (22)
where all terms of order higher than one have been neglected. Here, we have taken into
account that, to the linear approximation, the unit vector normal to the interface is given
by
n = −∂χ
∂x
ex − ∂χ
∂y
ey + ez. (23)
The last term in equation (6) becomes
−γ∇s · n = γ∇2sχ. (24)
Collecting (21), (22) and (24), the first order approximation to the stress normal balance
then becomes
−δp2(z = 0) + δp1(z = 0) − (ρ2 − ρ1)(g −  cos(ωt))χ, (25)
−ε2E02 ∂δΦ2
∂z
∣∣∣∣∣
z=0
+ ε1E01
∂δΦ1
∂z
∣∣∣∣∣
z=0
+ γ∇2sχ = 0, (26)
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where equation (14) has been used to remove the static pressure.
With the help of (20), last equation can be written as
ρ2
∂ψ2
∂t
∣∣∣∣∣
z=0
−ρ1 ∂ψ1
∂t
∣∣∣∣∣
z=0
−(ρ2−ρ1)(g− cos(ωt))χ−ε2E02 ∂δΦ2
∂z
∣∣∣∣∣
z=0
+ε1E01
∂δΦ1
∂z
∣∣∣∣∣
z=0
+γ∇2sχ = 0.
(27)
The linear approximation of equation (5) relates ψ and χ,
∂χ
∂t
=
∂ψ
∂z
at z = 0. (28)
Following Benjamin and Ursell [13], the function χ(x, y, t) can be expanded in terms of
a complete orthogonal set of eigenfunctions Sm(x, y) that fulfill(
∂2
∂x2
+
∂2
∂y2
+ k2m
)
Sm(x, y) = 0 (29)
with adequate boundary conditions on the lateral walls of the domain (an example of the
use of this type of expansion for anular geometry may be found in [11]). Therefore, taking
χ(x, y, t) =
∑
m am(t)Sm(x, y), the solution of (2) that obeys the boundary conditions (8)
and (28) is
ψ1(x, y, z, t) =
∑
m
1
km sinh(kmh1)
dam(t)
dt
Sm(x, y) cosh(km(z + h1)), (30)
ψ2(x, y, z, t) = −
∑
m
1
km sinh(kmh2)
dam(t)
dt
Sm(x, y) cosh(km(z − h2)). (31)
The case of the electric potential is a bit trickier. Equation (10) at first order becomes
ε1
∂δΦ1
∂z
∣∣∣∣∣
z=0
= ε2
∂δΦ2
∂z
∣∣∣∣∣
z=0
. (32)
On the other hand, equation (9) is equivalent to the continuity of the potential through the
interface. Taking into account (19), it is
δΦ1(0)− E01χ = δΦ2(0)− E02χ. (33)
The solution of Laplace’s equation that fulfil (32)-(33) and δΦ = 0 at z = −h1, h2 is
δΦ1(x, y, z, t) =
∑
m
ε2
cosh(kmh1)
(ε2 − ε1)V0
εeq,m(ε2h1 + ε1h2)
am(t)Sm(x, y) sinh(km(z + h1)), (34)
δΦ2(x, y, z, t) =
∑
m
ε1
cosh(kmh2)
(ε2 − ε1)V0
εeq,m(ε2h1 + ε1h2)
am(t)Sm(x, y) sinh(km(z − h2)), (35)
where the factor εeq,m is given by εeq,m = ε2 tanh(kmh1) + ε1 tanh(kmh2).
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Introducing (30,31,34,35) into (27), and making use of the orthogonality of functions
Sm(x, y) we arrive at
d2am(t)
dt2
+
 γk3m
ρeq,m
+
(g −  cos(ωt))km(ρ2 − ρ1)
ρeq,m
− ε1ε2k
2
m
εeq,mρeq,m
(
V0(ε1 − ε2)2
ε2h1 + ε1h2
)2 am(t) = 0,
(36)
with ρeq,m = ρ1 coth(kmh1) + ρ2 coth(kmh2).
In the absence of parametric forcing, and for a continuous k spectrum, this equation
indeed coincides with the one obtained by Melcher for Electrohydrodynamic waves between
two dielectric liquids in the absence of free charge at the interface [1, 2].
MATHIEU’S EQUATION
Equation (36) has the form of a Mathieu’s equation,
d2am
dT 2
+ (pm − 2qm cos(2T ))am = 0, (37)
where the coefficients are defined by
pm ≡
 4γk3m
ω2ρeq,m
+
4gkm(ρ2 − ρ1)
ω2ρeq,m
− 4ε1ε2k
2
m
ω2fmρeq,m
(
V0(ε1 − ε2)2
ε2h1 + ε1h2
)2 ,
qm ≡ 2km(ρ2 − ρ1)
ω2ρeq,m
, T ≡ 1
2
ωt. (38)
This equation is similar to the one obtained by Benjamin and Ursell for the Faraday
waves on a liquid surface, although Benjamin and Ursell treatment considers only one liquid
layer. The novelty here is the appearance of the electric term that modifies the coeffecient
pm. The equation is also similar to those obtained by Briskman and Shaidurov [9] and Yih
[10], or Gonza´lez et al. [11]. The difference relies in that in those cases the electric field
modifies the coefficient qm, whereas in our case is the coefficient pm that becomes affected.
Arranging the equation in the form of a Matieu equation (37) has the great benefice of
the already existing stability analysis of this equation. We point out the one shown in [19]
because of the negative values it presents, as the addition of the electric field now allows a
negative contribution to the pm coefficients. This chart is exposed here schematically in Fig.
2.
8
qm
1
1
4<latexit sha1_base64="WqJ6Lk3Ioj0kJGz21f+UCQW7454=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaRRI9ELx4 hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9ovltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddz E+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpWyd1WuNKql2m0WRx7O4BwuwYNrqME91KEJDBCe4RXenEfnxXl3 PpatOSebOYU/cD5/AIB3jLw=</latexit>
0
<latexit sha1_base64="rsPGDo38dCUrLsAt/ftnosrChUA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2Fp oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5 LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6F9Va87JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPeme MuA==</latexit>
pm
Unstable
<latexit sha1_base64="YRs2L+S8TTMxumrbKf3rXFhlqXU=">AAAB+HicbVBNT8JAFHzFL8QPqh69bCQmnkiLJnok evGIiQUSaMh2WWBDu212X43Y8Eu8eNAYr/4Ub/4bF+hBwUk2mcy82X07QRIKjY7zbRXW1jc2t4rbpZ3dvf2yfXDY1HGqGPdYHMaqHVDNQyG5hwJD3k4Up1EQ8lYwvpn5rQeutIjlPU4S7kd0KMVAMIpG6tnlLvJHzDypkZrMtGdXnKozB1klbk4 qkKPRs7+6/ZilEZfIQqp1x3US9DOqUDBzX6mbap5QNqZD3jFU0ohrP5svPiWnRumTQazMkUjm6u9ERiOtJ1FgJiOKI73szcT/vE6Kgys/EzJJkUu2eGiQhgRjMmuB9IXiDMOJIZQpYXYlbEQVZWi6KpkS3OUvr5JmreqeV2t3F5X6dV5HEY7hBM 7AhUuowy00wAMGKTzDK7xZT9aL9W59LEYLVp45gj+wPn8Ad0yTnA==</latexit>
surface
<latexit sha1_base64="JRlj9cy21RNyzufBqIDPcCQccZ8=">AAAB9XicbVDLTgJBEJzFF+IL9ehlIjHxRHbRRI9E Lx4xkUcCSGaHXpgwO7uZ6VXJhv/w4kFjvPov3vwbB9iDgpV0UqnqTneXH0th0HW/ndzK6tr6Rn6zsLW9s7tX3D9omCjRHOo8kpFu+cyAFArqKFBCK9bAQl9C0x9dT/3mA2gjInWH4xi6IRsoEQjO0Er3HYQnTE2iA8Zh0iuW3LI7A10mXkZKJEO tV/zq9COehKCQS2ZM23Nj7KZMo+ASJoVOYiBmfMQG0LZUsRBMN51dPaEnVunTINK2FNKZ+nsiZaEx49C3nSHDoVn0puJ/XjvB4LKbChUnCIrPFwWJpBjRaQS0LzRwlGNLGNfC3kr5kGnG0QZVsCF4iy8vk0al7J2VK7fnpepVFkeeHJFjcko8ck Gq5IbUSJ1woskzeSVvzqPz4rw7H/PWnJPNHJI/cD5/AFSWkww=</latexit>
FIG. 2: Mathieu’s instability chart. Shadowed regions correspond to unstable solutions, while
white ones are stable. It can be observed that in doing a vertical movement in this chart one
may achieve both effects: a stable surface to become unstable, and an unstable surface to become
unstable, as discussed in last section.
DISCUSSION AND CONCLUSION
Taking a closer look at the shape of the chart shown in Fig. 2, it can be easily seen that
for any given configuration, it always exists a potential difference between the two electrodes
that can destabilise the surface, causing the appearance of standing waves.
Another noteworthy application for the inclusion of an electric field is a reverse one from
the above. Given the successive peaks in the solution chart of the equation, one might have
a configuration in a way that the operation point is unstable if an electric field is not present,
but can be turned stable when a potential difference between the two electrodes is placed.
The Mathieu chart is modified once viscosity is included in the analysis. It can be shown
that its main effect is to pull apart the minimum values from q = 0 to finite ones [15]. An
schematic view is indicated in Fig. 3. In this figure we have plot the inviscid limit of stability
and the stability threshold when viscosity is taken into account. In the shadowed region the
surface becomes unstable and Faraday waves are produced. The phenomenon of bouncing
drops occurs near the instability threshold, but in the stable region, where Faraday waves
decay in time. The limit of walking droplets is also plotted.
The current strategy to confine the walking droplets is through the container depth.
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FIG. 3: Schematic effect of the modification of the operation point if the depth is modified or an
electric potential is placed, given (37). It is here represented the first peak in the inviscid limit
studied in this work, and a qualitative raising of it in the presence of viscosity to show a more
realistic scenery for the case of the walking droplets, described in the image.
In Fig. 3 we have indicated the effect of changing the depth in the stability chart. This
effect is due to ρeq,m, which affects both qm and pm. Decreasing the depth takes the system
out of the walking region, or even from the existence of bouncing droplets. The practical
consequence is to create an effective wall for the droplets. A similar effect can be obtained
increasing the electric field, although is a bit less effective, due to the fact that the electric
field only modifies the coefficient pm. However, the electric field is more versatile from the
experimental point of view. The field can be switch on and off, thus allowing the drop to
cross or not a given border at will.
The value of the field which is needed to achieve the unstability for any given configuration
in two realistic cases is obtained, one taken from [16] and the other from [20]. In the first one,
a fluid of γ = 0.0209 N m−1 and ρ = 965 Kg m−3 is confined in a square container (8×8×1
cm), partially filling it (h = 1 mm). For the second one, a liquid of γ = 0.0208 N m−1 and
ρ = 949 Kg m−3 is placed in a circular recipient of 76 mm of diameter, filling it to a liquid
depth of h = 9 mm.
Taking into account that in both of these cases the fluids are exposed to free air so that
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in (38) ρ2  ρ1, for the first case we obtain a value of 20 V for the (1,1) mode, and for
the second one 10 V for the lower (1,0) mode. It is therefore shown that with relatively low
fields (in comparison with the dielectric rupture potentials which stands at around 0.4× 104
V for the case of air when a separation between electrodes is considered to be 1 cm, as in
the case of [16]) confinement of droplets can be obtained. From an experimental point of
view the use of an AC electric field is recommended [21]. The AC electric field avoids the
possible influence of Coulomb forces. However, the frequency of the electric field must be
much greater than any relevant mechanical frequency.
In conclusion, we have obtained the dispersion relation for Electrohydrodynamic waves
on an oscillating liquid surface. The obtained results open the possibility of using the electric
field to control walking droplets on oscillating liquid surfaces.
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